Chapter 13

Co-ordinate Geometry
(Straight Lines, Circles and Conic Sections)

CO-ORDINATE GEOMETRY

Coordinate geometry is the study of geometry with the help of algebra. The plane curves which would be
considered are : straight line, circle, parabola, ellipse and hyperbola.

The system of coordinates used here is cartesian system of coordinates, introduced by philosopher Descartes.
It is by far the most important system.

Cartesian System of Rectangular Co-ordinates in a plane

To identify a point P in the two dimensional plane, we associate with it, an ordered pair of numbers, in the
following way:

Let OX and OY be two fixed perpendicular straight lines in the plane of the paper.

Y 4
2" quadrant 1% quadrant
Nf------- ) P
3? quadrant 4" quadrant
Y

The line OX is called, the axis of x ; the line OY is called, the axis of y ; the two together are called the axes
of coordinates. The point O is called the origin (of reference) and OXY is referred to as the Cartesian system.
We shall restrict ourselves to rectangular Cartesian system (where OX and QY are perpendicular).

From any point Pin the plane, draw lines PM and PN parallel to Y and X axes respectively. The distance OM = x
is called as abscissa of P ; the distance ON = y is called as ordinate of P; the two together, i.e. (x, y), are
referred to as the coordinates of P.

Distances measured along OX are positive and those measured opposite to it are negative. Distances measured
in the direction of OY are positive and those measured opposite to it are negative.

0).44

OX’'Y = 2nd quadrant, Abscissa —ve and ordinate +ve

1st quadrant, Abscissa and ordinate both +ve

OX'Y’ = 3rd quadrant, Abscissa —ve and ordinate —ve
oxy’

4th quadrant, Abscissa +ve and ordinate —ve
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144 Co-ordinate Geometry (Straight Lines, Circles and Conic Sections) Rapid Revision & Formula Bank

Distance formula
Distance between points P (x,, y,) and Q (x,, y,) i.e. length of line segment PQ is given by

PQ = (X~ X2 +(y1 - y2)?
Note : This formula is true for all points i.e. the points lying in any quadrant.
Distance of point P(x,, y,) from origin is given by OP = 1/x12 +y12

Area of triangle
If A (x,, y,), B (X, ¥,) and C (x;, y5) form a triangle then area of AABC is given by

Xy _ Y
1 X1 y1 1 X. y 1
A=5x2 y, 1orA=—| 2>§ 2 =§|{X1(Y2—Y3)+X2(.V3—Y1)+X3(Y1—Y2)}| ‘Stair-method’
2 X7y,
Xz Y3 1
X7y

1
Area of AOAB, where O is origin of co-ordinate system is given by A = E(X1y2 - X5¥1)

Note : When point A, B, C are taken in anticlockwise order, the area comes out to be positive otherwise
negative. As all areas are necessatrily positive quantities so care should be taken. Whenever area
of a triangle is given take + signs.

Cor.:Ifax+hby+c =0, ax+by+c,=0and ax+ byy + ¢y =0 are the sides of a triangle, then area

of triangle
] a; by cy 2
A=———a, b, cC
2CC,Cy[ 2 2 2
as by c3

where C,, C,, C, are cofactors of ¢, ¢,, ¢, in the determinant above.

Condition for Collinearity of 3-points

If A, B & C are collinear, the area of triangle ABC has to be zero i.e.

X1y 1
Xy Yo 1=0 or x4(¥a—¥3)+ Xa2(V3=Y4)+ X3(¥1—y2)=0
X3 Y3 1

Area of a plane polygon
LetAL A, . A, are the vertices of a n sided plane polygon, its area is given by Stair method

X1 _W

X

Xy " Yo
1 X3>§}’3
2|F

Xn _Yn

X1>§y1

Area of Polygon =

1
i.e. = §|[X1.V2 = Xo¥1)+(XaY3 = X3Ya) + e +(XnY1 = X1¥ )]
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Important results

To prove that a given four sided figure is :

1. Square : Prove that four sides are equal & diagonals are equal
2. Rhombus : Four sides equal, diagonals unequal.

3. Rectangles . Opposite sides equal & diagonals equal.

4. Parallelogram : Opposite sides equal & diagonals unequal.

Note : Diagonals bisect each other in all the above.

Section formula
Coordinates of the point R (X, y) which divides the join of the points P(x,, y,) and Q(x,, y,).

(i) internally, in the ratio m, : m,, are

) }7=m1y2+m2y1 m, m,
m+my, my +m, P R Q

(i) externally, in the ratio m, : m,, are

_MyXy —myXq

where m; # m,

X{+ Xy, YitY
Cor 1 : Mid point (m, = m,) of PQ is (%%}
Cor 2: If R(X,y ) divides P (x,, y,) and Q (x,, ¥,) in the ratio

A1 (A>0)then

AXy £ X4
At

AYo 1y,
AEA1

X =

Ly =

Here '+' sign is taken for internal division and '-' sign for external division.

Cor 3 : For finding the ratio of division, use A : 1. If A comes out to be positive, it indicates internal division
otherwise external if A is negative.

(Ax4 + By, +C)}

Cor 4 : Line Ax + By + C = 0 divides join of P (x,, y,) and Q (x,, ¥,) in the ratio {‘ (Ax, + By, + C)

Locus and its Equation

When a point moves, so as always to satisfy a given condition or conditions, the path it traces out is called
as its locus under the given conditions.

Equation to the locus (or curve) is the relation between coordinates of an arbitrarily chosen point on the curve
and which relation holds for no other points except those lying on the curve.

Standard method for writing equation of a locus

1. Assume the point whose locus (path) is to be found as (h, k).

2. Make the equation involving the coordinates of the moving point as per the conditions given.

3. Eleminate variables (if present) to relate h and k.
4

Substitute h with x and k with y in the simplified form of equation & we get the equation of locus.
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Translation of Axes

(i)

(ii)

Shifting of Origin

Y4 Y4
Change of axes, by changing origin, the direction of axes ] P
remaining the same. :
I _____
Let OXY and O’X’Y” be two rectangular Cartesian system of axes. o > X
Let P be any point in the plane of the axes and let P and O’ have
coordinates (x, y) and (h, k) respectively with respect to OXY system. [o) > X

Then the coordinates (x’, y’) of P with respect to the system OX'Y" are
givenby x=x"+h ; y=y’ +k and equivalently x' = x—h; y' = y — k.

Rotation of axes

Change of axes (without changing the origin), by changing the direction of axes, both systems of
coordinates being rectangular.

If a point P in the plane of OXY has coordinates (x, y) and Y p
(¥, ¥') with respect to the system OXY and OX'Y’ respectively, R\ *
then N v X
. . . "0 -7
x =x"cos0-y’sind or equivalently x'= x cos 0 + y sin 0 . q’é/
y =x'sin0+y’cos 6 y' =ycos 06— xsin 0 o X

Slope of a line

One of the simplest loci we come across in geometry is a straight line ; the geometrical property which is true
in case of this locus is that slope between any two points on a line, is a constant m. This constant is known

as slope of the line.

If A(x,, y,) and B(x,, y,) are any two points then slope between A and B is defined as :

m=Y1"Y2 _ tane : 0<o<n: G;ég

X1~ X3

where 0 is the angle of inclination of the line joining A and B with the positive direction of x-axis. If x, = x,
then slope is not defined.

Points A(x,, y,), B(X,, ¥,) and C(x;, y5) are collinear (i.e. lie on a straight line) if slope between A and B is
equal to slope between B and C.

a
Slope of line ax + by + c=0is (_Ej

Parallel and perpendicular lines

Two lines with slopes m, and m, are
(i) Parallel if m;, =m,

(i) Perpendicular if m,m, = -1 (Here m,, m, are finite)

Intercepts of a Line on the coordinate axes

Let a line intersects OX - axes at A and OY - axes at B, then OA and OB are called x-intercept and
y-intercept of line respectively.

The value of the intercept of a line may be positive, negative and zero.
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STRAIGHT LINES

Various forms of equations of straight line
(i) General equation

An equation of the form ax + by + ¢ = 0 where a & b both are not zero simultaneously, represents a
straight line.

| Equation of straight line is of first degree in x and y. |

Slope of a line is denoted by m = tan6; where 6 is the inclination of line to the positive direction of x-
axis. (6 measured anticlockwise from +ve x-axis is taken as positive).

| Slope=gradient=m=tano |

Slope of x-axis is zero
Slope of y-axis is Infinite (undefined)
Slope of line equally inclined with both axes is either 1 or -1 (6 = 45° or 135°).

Slope of a line joining two points (x,, y,) and (x,, y,) is

Y, — Y, _ Yi—Y,

m=————="——<%

X, =X, X=X,

| Slope of the straight line is constant not variable.

Slope of line ax + by + c =0 is

The intercepts of a line ax + by + ¢ = 0 on x and y-axes can be found by substituting y = 0 and
x = 0 respectively in the equation i.e.,

X intercept = ax+c=0 i.e., x = —cla
y intercept = by+c=0 ie., y =—clb
Hence length of x intercept = |-c/a| and length of y intercept is |—c/b|
Equation of x-axis is y = 0 and the equation of y-axis is x =0
Equation of line (a is a non-zero constant)
(i) parallel to x-axisis y = a
and (ii) parallel to y-axis is x = a
(ii) Point slope form: Line with slope m and passes through the given point (x,, y,)
is y—y1=m(X—Xxq)
(iii) Two point form: Line with two given points (x,, y,) and (x,, y,) on it is given by

Y=y _ X=X
Y1—=Y2 X1~ X2

(iv) Slope intercept form: Line with given slope m and intercept ¢ on y-axis is given by

y=mx+c
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(v) Intercept form: Line with given intercepts a and b on x and y axes respectively is

1+X:1
a b

(vi) Normal or perpendicular form: Line at perpendicular distance p from the origin and where, the
perpendicular makes angle o with OX is given by

Xcoso+ysino=p
(vii) Symmetric or parametric form: Line making an angle 6 with OX and passing through (x,, y,) and r

X=X _ Y=Y
cos 0 sin®

as the directed distance of any point P(x, y) on the line from (x,, y,) is given by =r

iie. XxX=x4+rcos® ; y=y,+rsing

(viii) Reduction of General Equation to Different Standard Forms

The general equation of straight line ax + by + ¢ = 0 can be put in the form.

= y= %—% Slope - intercept form (y = mx + c)
here M=—2 & y intercept = ——
where b y intercept = —

__ coefficient of x
Hence, slope = = ctficient of y
The general equation of the straight line ax + by + ¢ = 0 can be reduced to
= ax+by=-c
X

y L
=1; —+==1
= (—c/a) + (—c/b) intercept form (a b J

Here x intercept = —c/a and intercept on y-axis is —c/b.
The equation ax + by + ¢ = 0 can be rewritten as
ax +by=-c¢

a b c
X+ y=- which is in normal or perpendicular form (x coso + y sina =
= \/a2+b2 \/a2+b2 \/a2+b2 perp ( o+ y sino = p)

@ Ifc<Othen-c>0

-c
Hence, p=———= and cosa =

a
a% + b2 Va2 + b2

,sino =

b
\/a2+b2
a by — _ c
\/a2+b2 \/a2+b2 \/a2+b2

(b) If ¢ >0 then

and sino = b

c -a
p_\/a2+b2 \/a2+b2 \/a2+b2

Length of perpendicular from origin to the straight line ax + by +c =0is
|c]

Vva? +b?
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Point of intersection of two lines
By solving the two equations of straight lines
simultaneously, the point of intersection can be found
forlines [, =a;x+b,y+c, =0
and L =a,x+b,y+c,=0
Point of intersection is
b,c, —b,c; cia, —Cyay
aib, —a,b; " ab, —a,b, j @by # axby

lci—Co |

\/a2 +b2

distance between two parallel lines ax + by + ¢, =0 and ax + by + ¢, =0 is given by d =

Angle between Two Lines

m;—m . ]
tan¢ = — 2| where ¢ is acute angle and m, and m, are slopes of two lines

1+ mym,

my—my,

Otherwise tan¢ = i(
1+ mym,

j ; one sign gives acute angle and the other gives obtuse angle

Here m, or m, or both should not be infinite.
If both m, and m, are undefined, angle = 0

T
If m, is undefined and m, = tan0, then angle between lines is (E_ej

For parallel lines m, = m, and for perpendicular lines m,m, = —1
(i)  The two lines which make angle ¢ with the given line y = mx + ¢ and passing through the point (x,, y,) are
given by y -y =my(x—xy) and y - y; = my(X - X;)

m-tan ¢ _ m+tan ¢

here my=———- =
where T 1+mtan¢’ 2 1-mtan¢

ie., my=tan(06-¢) and m, =tan (0 +¢) if m =tan 6.
(i) The length r of the line segment drawn through a given point (x,, y,) and making an angle 6 with x-axis,

ax;+by,+c

to meet the line ax + by + ¢ = 0 is given by r =— -
acos6+bsind

(iii) Condition for two lines to be intersecting, parallel or perpendicular. If the lines ax+hby+c, =0 and
a,x+b,y+c,=0 are
81 b1 C1
(@) Coincident then 2 = b, = o
a1

b
(b)  Parallel but not coincident then 2~ = b_1 #
2 2

e

CZ

(c)  Perpendicular then a,a, + b,b, =0

a,h

a, b,

(v) The line parallel to ax + by + ¢ = 0 is ax + by + A = 0, where A is variable to be find out.

(v) The line perpendicular to ax + by + ¢ = 0 is bx — ay + A = 0, where A is variable to be find out.

(d) Intersecting if
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Condition of concurrence of three lines

If the lines a,x + b,y + ¢, =0, a,x + byy + ¢, = 0, a;x + b,y + ¢, = 0 are concurrent then

. b ¢
, b, ¢,|=0
s by

Points in Relation to a Line ax + by + ¢ =0

1. The points P(x,, y,) and Q(x,, y,) lie on the same side or on the opposite side of the line ax + by + ¢ =0
according as ax, + by, + ¢ and ax, + by, + ¢ have same sign or opposite sign.

2. The ratio in which the line ax + by + ¢ = 0 divides the line segment joining P(x,, y,) and Q(x,, y,) is

axq4+byq+c
axp, +by,+c

3. The length of th dicular from P(x,, y.) t b 0 [ax + by o]
. e length of the perpendicular from P(x,, y,)toax + by +c=0is p=—F—=—
" Va? +b?
4. Coordinates of the foot of the perpendicular drawn from P(x,, y,) to the line ax + by + ¢ = 0 are given

X=Xy _Yy-yi _ _axgtby;+c
a b a® + b?

by
5. Coordinates of the image of P(x,, y,) in the line ax + by + ¢ = 0 are given by

X=X, Y-y, _ 2ax;+by,;+c)

a b a’ + b?

Angle Bisectors between Two Lines

The equations of the bisectors of the angles between two intersecting lines

a;x+byy+c,=0 and a,x+b,y+c, =0 are given by GXHbyHCr _  BpXthoy O
\/a§+b§

\/af +b?

Let ¢ be the angle between one of the bisectors and one of the lines a;x+by+c¢,=0. If |tan ¢|<1

i.e. ¢ <45° then that bisector is the acute angle bisector of the two given lines. The other equation represents
the obtuse angle bisector.

Rule for writing a particular bisector

Write the equations of the lines so that constant terms are positive

a,x+b,y+c, _+azx+b2y+c2
If 8132 +b1b2 >O then ’a12+b12 }ag_”_bg (1)

gives the obtuse angle bisector. If a,a, + b;b, <0 then (1) gives the acute angle bisector. '+' signs gives the

bisector of angle containing origin.

Note : If the equations are written so that the constant terms have same sign, then (1) gives bisector of
the angle in which the origin lies (and not necessarily the acute angle bisector)
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Coordinate of centroid, orthocentre, circumcentre, incentre, Excentres

Consider triangle ABC in which A = (x,, y,), B=(X,, y,), C=(x;, ;) and AB = ¢, BC = a, AC = b.

(i)

(iii)

)

Centroid: Centroid of a triangle is the point of intersection of A

medians.
Here AD, BE, CF are the medians and their point of intersection F E
is G which is called centroid.
G- X, +X,+ X, YitY,+Y,
D
Orthocentre: Orthocentre is the point of intersection of
E
D
E
O
D

C

tanA+tanB+tanC ’ tanA+tanB+tanC ©

Circumcentre: This is the point of intersection of perpendicular

3 ’ 3

. . L A
perpendiculars drawn from vertices to the opposite sides.
Here AD, BE, CF are perpendicular to the sides BC, AC, AB
respectively 'H' represents orthocentre. F
oo (x1 tanA+ x,tanB+ x,tanC y,tanA+y,tanB+y, tanCJ

A

bisector of sides.
Here OD, OE, OF are perpendicular bisectors of sides. O is the £
circumcentre.
o=[ X sin2A + x, sin2B+ x, sin2C y,sin2A+y, sin2B+ y, sin2C

= B C
[ sin2A +sin2B + sin2C ’ sin2A +sin2B + sin2C ]
A
Incentre: This is the point of intersection of internal angle bisectors.
A2(Al
Here AD, BE, CF are internal angle bisectors. / is the incentre. F E
ax, + bx, + cx, ay,+by, +cy, ’
I= ; [<BI2 cr2
a+b+c a+b+c B D c

Excentres: These are the points of intersection of external angle bisectors. Iy, 1,, I, are excentres with
respect to vertices A, B, C.

A
AA
| _[—ax1+bx2+cx3 —ay1+by2+cy3] Iy I,
T —a+b+c ' -—a+b+c
| _[ 8% =bx, +cxg ay,—by, +cy, B C
2 a-b+c ' a-b+c

3

B (ax1 +bx, —cx, ay, + by, —cyaj
atb-c¢ ' a+b-c
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(vi) Important points about these centres:

(@) If the vertices have rational coordinates then centroid, circumcentre, orthocentre have rational
coordinates but incentre and excentres may have irrational coordinates.

(b) Except equilateral triangle, orthocentre, centroid, circumcentre are collinear and centroid divides the
distance between orthocentre and circumcentre in the ratio 2 : 1.

(c) In case of right angled triangle the middle point of hypotenuse is the circumcentre and the vertex of
right angle is called orthocentre.

(d) Circumcentre is a point equidistant from all vertices and incentre is the point equidistant from all sides.

(e) If the coordinates of vertices of triangle are rational then it cannot be equilateral.

Equation of family of lines passing through the point of intersection of two lines

()  The family of lines passing through the points of intersection of the line L, = a,x + b,y + ¢, = 0,
Ly=ax+by+c,=0is L, + AL, =0, A is a variable.

or (a;x+ by +c,)+ Mayx + by + c,) =0, where A is to be find out by any given condition.
Here the point of intersection of lines is called the fixed point.
(i) If a, b, c are variable then to find the fixed point for the family of lines ax + by + ¢ = 0, we may use
comparison method.
Some standard results
(i) Area of Parallelogram or Rhombus

Area of a parallelogram or a rhombus, equations of whose sides are given, can be obtained by using the
following formula

Area = M
sin®
Where p, = DL = distance between lines AB and CD,

p, = BM = distance between lines AD and BC,
0 = angle between adjacent sides AB and AD.

p D c
In the case of a rhombus, p, = p,. Thus, Area of rhombus = sir116
P1“‘~‘

1 M
Also, area of rhombus = —dd,

2 P2,
where d, and d, are the lengths of two perpendicular diagonals 0 u .
of a rhombus. A i B

(i) If (x4, y4) and (x,, y,) are the two vertices of an equilateral
triangle, then the third vertex is given by,

[()ﬂ +X2)i\/§(y1 =Y2) Vi +y2$\/§(x1_xz)1
2 ’ 2

(iii) If (x,, y,) and (x,, y,) are the vertices of the hypotenuse of a right angle triangle, then the third vertex is
given by

{(X1 +X2)2(y1-VY2) (¥4 +Y2)i(X1—X2)}
2 ’ 2
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(iv) Area of the triangle, whose sides are y = m,x + ¢,, y = m,x + ¢, and y = m,x + ¢, is given by

Al ez
2 my—myp

(v) Area of rhombus, formed by ax + by + ¢ = 0, is given by,

2¢2

A=l
ab

(vi) Area of the parallelogram formed by the lines

ax+by+c =0,ax+hby+c,=0ax+by+d =0,ax+b,y+d,=0Iis given by

A-|(d1=c1)(d2 = 05)|
| aiby —agby

Among all curves, circle is the simplest curve. It is common in almost every sphere of life. A wheel, a circular
object, has revolutionised the transportation like all motor vehicles, railways. pullies, gears, various rings are
all circular.

CIRCLE

Standard Equation of Circle

A circle is the locus of a point which moves such that its distance from a fixed point, called as centre, is
equal to a given distance, called as radius. Thus, equation to a circle with centre (o, §) and radius a is :

(x—a)? +(y -B)? = a°

If the centre is origin then its equation reduces to x? + y? = &2

General Equation of Circle

The general equation of a circle is :
S=x?+y?+2gx+2fy+c=0

It has three arbitrary constants. Its centre is (—g, —f) and radius is 1/gz +f2 —¢ . The circle is real, point circle or

imaginary according as g2 +f2-¢>0, =0, 0r <0 (We are concerned to real circles only. Actually the concept
of imaginary circles is beyond our scope.) ¢ = 0 if circle passes through origin.

Other forms of the circle are as following:
(i) General Equation of Second Degree

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 shall represent a circle if

Coefficient of x? & y? are equal i.e. a = b # 0 & Coefficient of xy is zeroi.e. h=0and g? + 2 —ac >0
(i) Parametric Form

Circle with centre (o, B) and radius a is (x — a)? + (y — B)? = &2

It can be represented in parametric form as

X = o + acoso } 0 is parameter

y = + asinf 0<06<2n
A circle with centre (0, 0) and radius a is
X = acoso .
0 is parameter
y = asin® }

Corporate Office : Aakash Tower, 8, Pusa Road, New Delhi-110005. Phone : 011-47623456



154 Co-ordinate Geometry (Straight Lines, Circles and Conic Sections) Rapid Revision & Formula Bank

(i) Equation of Circle in Diametric Form

(X2.¥2) (X1.¥1)

. . . . . X1+ Xo Yit)o
If two diametrically opposite points on a circle are (x,, y,) and (x,, y,) then centre = 2 ' 2

, 1
Radius = 5\/(x1 =X +(y1-¥2)?
and equation of circle is (x—x;) (x=x,) + (y=y,) (y-y,) =0

(v) Equation of circle with centre (o, B) and touching the x—axis

(o, B)

r

As it is clear from figure that r =
L(x—aPH(y-By =
orx?+y?—20x—-2By+ 02 =0

(v) Equation of circle with centre (o, B) and touching the y-axis

r

—

(op)

Here r=o
(x —0)? + (y =B)* = o?
= X+yY2-20x-2By+p%=0

(vi) Equation of circle with radius a and touching both the axes

(—a, a) (a;a)

N

(_av a) (a:i_a)

There will be four such circles
There centres are (ta, ta) and radius a.
(xxaP+(yta)P=a?

= x2+)y2+2axx2ay+a’=0
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(vii) Circle through three non-collinear points (x,, y,), (X,, ¥,) and (x;, y,)
Let the circle be x2 + y2 + 2gx + 2fy + ¢ = 0

Then all three points must satisfy it

X2 +y? +2gx, + 2fy; +¢c =0
— X3 + Y5 +29x, +2fy, + ¢ =0| simultaneous solution of these equations
x§ +y§ +2gx5 +2fy; +¢c =0

will give g, f & ¢ and hence we can write the equation of circle.

Alternate : The equation of required circle passing through the non-collinear points (x,, y,), (x,, y,) and
(X3, ¥5) is given by

x>+y?  x y
2, .2

Xy tyq Xy Y
2, .2

Xp+y, X2 Y2

2, .2
X3tyYs Xz Y3

[ L UL U

Intersection of a line and circle

(i) Intercept made on x-axis by S=0is: 2,g%-c¢

(ii) Intercept made on y-axis by S=01is: 2.f2 _¢
(iii) If g2 = ¢ (resp., f2 = ¢), the circle touches the x-axis (resp. y-axis).
if ¢ = g2 = f2then circle touches both axes.

a?(1+m?)-c?

iv) Length of the chord intercepted by x? + y? = a% onthe line y = mx + cis 2
y 1 2
+m

(v) Intercepts are always positive.

Condition for a line to be a tangent to a circle

If a line is tangent to a circle then length of perpendicular from centre of circle to the line is equal to the radius
of the circle. Let us discuss the condition for x2 + y2 = g2, If the line y = mx + c is tangent to x? + y? = a2

then ¢ =+av1+m?®.

(0,0)

A

B y=mx+c

The centre of the circle is (0, 0). AB is the length of perpendicular from (0, 0) to the line.

= c=ztaV1+m’

Hence the line y = mx £ ay1+m® always touches the circle x2 + 2 = a2
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Equation of tangent to a circle

Corresponding to any point P(x,, y,), we define the expressions
S, =xZ2 +y? +2gx, +2fy, +¢

T=xx1+yy, +9(X+x)+f(y +y,)+c¢C
(i) Equation of tangent at (x,, y,)to S=0is: T=0
(i) The equation of tangent of x2 + y? = a? at (x,, y,) is xx, + yy, —a*=0
(iii) The line y = mx + c intersects the circle x? +y? =a? at
real and distinct points if ¢ < a%(1 + m?)
real and coincident points if ¢ = a2(1 + m?)

imaginary points (means the line neither touches nor cuts the circle) if ¢2 > a%(1 + m?)

y=mx+c isatangentto x?+y2=a% if ¢?=a%(1+m?)

—am a
iv) The line y = VJ 2 js a tangent to x2 + y? = g2 at[ , ]
(iv) y=mx+avi+m g X" +y~=a Vem? 1+ m?

am —a
The line y = mx —a+ 2 js tangent to x2 + y? = g2 at[ , ]
y=mx-av1+m 9 Xty =a \/1+m2 \/1+m2

Some other standard result about the circle

(i) A point (x,, y,) lies inside, on or outside the circle

S=x%+y?+2gx + 2fy + ¢ = 0 according as x> + y? + 2gx, + 2fy, +¢ < 0,=0,0r >0

(i) The length of tangent from (x, y,) to the circle x> +y® +2gx +2fy +c =0 is \/xf +y? +2gx, +2fy, +¢

or |5, .

(i) The equation of tangent of x2 + y2 + 2gx + 2fy + ¢ = 0 at (X, yq)is xx; +yy, +glx + x)) +fly+y,) +c¢
or T=0,where T=xx, +yy, +glx+x,)+fly+y,)+c

(iv) Angle of intersection of two circles S; =0and S, =0
Let S, =x%+y?+2g,x+2fy +c,

and S, = x? +y? +2g,x+ 26y +¢,

Let S, and S, have centres C, and C, respectively and radii r, and r, respectively. The angle of intersection
0 of the circles is the angle between their tangents at points of intersection and is given by
B r2+rZ —(C,C,)? _ 2019, +2ff, ¢ - G,

2 2\/g1z+f12—c1.\/g§+f22—c2

(v) Orthogonal circles :
Circles S;=0 and S, =0 are said to intersect orthogonally if 6 = 90°;
ie., if 2g,9, +2ff, =¢c,+c,
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(vi) Equation of a Circle through Intersection Points of Circle and Line
Let the circle be S=0and linebe L =0

(@)

(b)

(©)

S + AL = 0 is a circle which passes through the points of intersection of both.

Equation of any circle that passes through two given points (x,, y,) and (x,, y,) is

x y 1
(X=X))(X=X)+ (Y =y)y=Y2)+A| x4 yy 1|=0
X; Yo 1

Let u=sax+by+k=0

If u=0is atangentto S =0 at the point P then S+ )u =0 is the equation of circles touching S=0
at P.

Equation of the circles which touch the line u =0 at (x,, y,) is (x=x;)2 +(y —y1)? +Au=0

(vi) Equation of a Circle through Intersection of Two Circles

If S;=0 and S, =0 be two circle, intersecting in real points, then S;+1S, =0 (A #-1) is the

equation of the family of circles passing through the common points of S; =0 and S, =0.
If S;=0 and S, =0 intersect, then S;-S, =0 is the equation of their common chord.

If S;=0 and S, =0 touch each other then S;-S, =0 is the equation of their common tangent at
the point of contact.

(vii) Common Tangents to Two Circles

Let circles S; =0 and S, =0 have centers O, and O, respectively and radii r, and r, respectively. The

number of common tangents of S; =0 and S, =0 is

(@)

(b)

zero, if one circle lies totally inside the other 0,0,< |n—n

one, if circles touch each other internally 0,0, =1 -n,

@ ©

two, if circles intersect at two distinct points Ir=r[<0:0; <r+r

i

three, if circles touch each other externally 00, =r+r

¥
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(e) four, if circles lie outside each other
Two of the tangents are direct common tangents.

Two of the tangents are transverse common tangents.

AN
( T, 0,0, >r+r,
)@)”

If direct common tangents meet the line 0,0, in T, then T, divides the segment O,0, externally in
the ratio r, : r,.

If the transverse common tangents meet the line 0,0, in T, then T, divides the segment O,0,
internally in the ratio r, : r,.

The coordinates of T, and T, having been found, the corresponding tangents are straight lines
through it such that perpendiculars on them from O, are each equal to r,.

Note : If S, = 0 and S, = 0 touch each other, then their point of contact can be obtained by solving
S,=0and S, - S, = 0 simultaneously.

(ix) Radical Axis
The radical axis of S; =0 and S, =0 is the locus of a point which moves such that the lengths of the
tangents drawn from it to the two circles are equal.
The equation to the radical axis is . S, — S, = 0.
(x) Equation of the pair of tangents :
Combined equation of the tangents PQ and PR drawn

from P(x,, y,) to the circle S = 0 is given by Q
2,2 P
where  S=x“+y°+2gx+2fy+c (X4, ¥4
Sy = xZ +y? +2gx, +2fy; +¢ R

T =xx1+yy,+9(x+x7)+f(y +yq)+cC

)
(xi) Equation of the chord whose middle point is given :
If P(x,, y,) be the middle point of a chord AB of the circle
S = 0, then equation of the chord is given by
g ?
)

e, xx, +yy, + g(x +x,)+ fly +y,) = x.2+y2+ 2gx, + 2fy, x, %1
(xii) Chord of contact

It is the line joining the points of contact of the tangents A
drawn from a point outside the circle.

If from a point P(x,, y,), two tangents PA and PB are

drawn. The line AB is the chord of contact of the point P

P with respect to the given circle. X1, 1)

Equation of the chord of contact with respect to the B

i) Circles x2 + y2 = a%is xx, + yy, = a°
1 1
(i) Circle X2+ y2 +2gx + 2fy + ¢ =0 is XX, tyy,+rgx+x)+fy+y)+c=0
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(xiii) Length of the tangent from a point to the circle

Let P(x,, y,) be a point and PT is the tangent drawn from P to the circle S = x2 + y? — a? = 0, then

PT =JOP? -0OT?
=X +yi-a?

If the circle is S = x2 + y2 + 2gx + 2fy + ¢ = 0, then

PT =JOP? -OT?

= \/xf +y2 +2gx, +2fy, + ¢
(xiv)lmage of the circle through a line
Let S=(x—-h2+(y—kPZ-a*=0
Radius of the image circle will be same as the radius of S, but centre will be changed

ya (K
C/

-h A c
C, \¢)4

VL s

XA

Vv
(@) Centre of the given circle (h, k)
(b) Centre of the image circle through y-axis is ¢,(=h, k)
(c) Centre of the image circle through x-axis is ¢,(h, —k)
(d) For the image through the line AB.
Let equation of ABis (x + my + n = 0 and let centre of the image circle be (h’, k’). Then
slope of CC’ x slope of AB = —1 = (Z - mx(— %j ~ 1 and middle point of CC’ = (hzh/, K ;kj

lies on (x + my + n = 0 solving for " and K'.
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CONIC SECTIONS

Conic sections, namely a point, pair of straight lines, circle, ellipse, parabola and hyperbola are called so
because they can be obtained when a cone (or double cone) is cut by a plane.

The mathematicians associated with the study of conics were Euclid, Aristarchus and Apollonius. Most of
the objects around us and in space have shape of conic-sections. Hence study of these becomes a very
important tool for present knowledge and further exploration.

Conic-sections as Sections of Right Circular Cone(s)

(i)  When a double right circular cone is cut by a plane parallel to base at the common vertex, the cutting
profile is a point.

(i) When a double right circular cone is cut by plane, parallel to its common axis, the cut profile is hyperbola

}S
;

(i) When a right circular cone is cut by a plane parallel to its base the cutting profile is a circle.

/\

|~

(v) When a right circular cone is cut by any plane through its vertex, the cutting profile is a pair of straight
lines through its vertex
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(vy When a right circular cone is cut by a plane parallel to a generator of cone, the cutting profile is a
parabola.

(vi) When a right circular cone is cut by a plane which is neither parallel to any generator / axis nor parallel
to base, the cutting profile is an ellipse.

Hence a point, a pair of intersecting straight lines, circle, parabola, ellipse and hyperbola, all are conic-
sections. All the conic sections are plane or two dimensional curves.

Conic sections (Definition of Parabola, Ellipse, Hyperbola)

The conic section is the locus of a point which moves such that the ratio of its distance from a fixed point
(focus) to the distance from a fixed straight line (directrix) is constant (e), e is called eccentricity of conic

ie.,
PS_ Kl__Pxy)
PK directrix
For e = 1 the conic section is called parabola e Seb) v
For e < 1 the conic section is called ellipse Ax+By+C=0 focus
For e > 1 the conic section is called hyperbola

A line through focus and perpendicular to directrix is called - axis.

The vertex of conic is that point where the curve intersects the axis.
PS e PS? - e?PK?

PK

2
Ax+By +C
VA? +B?

Simplification shall lead to the equation of the form

or (x—a)? +(y -B)* = 62[

ax? + by? + 2hxy + 2gx + 2fy + ¢ =0 .. (M

So equation of a conic is the general equation of second degree. If

A = abc + 2fgh — af? — bg? — ch?

if A= 0 = the equation (*) represents a pair of straight lines

if A=0and h=0and a =b# 0= the equation (*) represents a circle provided g2 + f2 — ac > 0
if A # 0 and h? = ab = the equation (*) represents a parabola

if A# 0 and h? < ab = the equation (*) represents an ellipse

if A# 0 and h? > ab = the equation (*) represents a hyperbola
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PARABOLA
Standard equation of parabola : Z N
To find the equation of parabola, let the focus is S(a, 0) and M: P
the directrix is x = —a. P is general point on the parabola. : L | :
Here PS = PM = PS? = PM? ! ! !
If the coordinate of P is (x, y) then : 1 r: N > X
PS2 = (x—a) + (y— 02, PM? = (x + a)? K: A :S(a,O
But PS2 = PM? = (x — @) + )2 = (x + a)? + ) E :
= y2 = 4ax : L
1z

For this parabola

(i) Vertex Ais (0, 0)

(i) Focus Sis (a, 0)

(iii) Equation of directrix ZZ" is x = — a.
(

iv) Equation of axis AXis y =0

(v The parametric equation of y? = 4ax are x = af?, y = 2at.

Focal chord

and (at},2at,) are ends of a focal chord, then t,t, = —1.

: A chord of a parabola which passes through the focus is called as focal chord. If (at?,2at,)

Focal distance : The distance, of a point on the parabola, from the focus is called as focal distance of the
point. The semilatus rectum is the harmonic mean between the segments of focal chord.

Latus rectum

: The double ordinate LSL" through the focus is the latus rectum. Its equation is x = a and

its length is 4a units. Ends of latus rectum are (a, 2a) and (a, —2a).

Note : (i) For parabola PN? = 4AS.AN.

(ii)  Two parabolas are said to be equal when their latus recta are equal.

Equations of Parabola in Standard Forms

(i) The equation y# = 4ax represents a parabola whose

Focus : (a, 0)

Directrix :x=-a

Vertex : (0, 0)

Axis y=0

Parametric coordinate : x = at?, y = 2at

(i) y2=-4ax

Focus : (—a, 0)

Directrix :x =a

Vertex : (0, 0)

Axis y=0

Parametric coordinate : x = —af?, y = 2at

(-a 0)

\ 4
<

X=a
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(i) x® = 4ay e’
Focus : (0, a)
Directrix :y=-a S1(0, a)
Vertex : (0, 0)
Axis x=0 > X
Parametric coordinate : x = 2at, y = af?
(iv) x2=—4ay
Focus : (0, —a) 4y
Directrix :y=a
Vertex : (0, 0) »X
Axis :x=0 S4(0,-a)
Parametric coordinate : x = 2at, y = —af?

Condition of tangency

If the line y = mx + ¢ touches the parabola y* = 4ax then the number of solutions of y = mx + ¢ and
y2 = 4ax will be one

y=mx+c (i)

y2 = dax ... (ii)
By (i), (ii)

(mx + ¢)? = 4ax

= X2(m?) + x(2mc — 4a) + ¢ =0
a
Putting discriminant = 0 we get ¢ = ™

a
Hence if y = mx + ¢ touches the parabola y* = 4ax then ¢ = o
(i) Equation of tangent at P(x,, y,) to y? =4axis T=0

ie. yy,=2a(x +x,)

a

(i) Equation of tangent in slope formis y = mX+E
. (2 2
Its point of contact is m2 m

(iii) The equation of tangent at (at?, 2at) is yt = x + at?

a
(v) The line y =mx + ¢ is atangent to y2 =4ax if ¢ =E

Some other standard results and equations
(i) Equation of pair of tangents
Through any given external point P(x,, y,) there pass, in general, two tangents to y* = 4ax. When P is
external to the parabola, the joint equation to the pair of tangents from Pis SS, = T2
where S: y? —4ax, S, : y,?> —4ax,, T:yy, —2a(x + x,)
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(ii) Points of intersection of two tangents

The tangents to the parabola S = y? —4ax =0 drawn at the points (at?, 2at,) and (at?, 2at,) intersect
at the point (at,t,, a(t;+t,)).
(iii) Chord of contact

Equation of chord of contact of the point P(x,, y,) (i.e. of tangents from P) with respect to the parabola
y2=4dax is T=0ie., yy, = 2a(x + x,)

(iv) Chord with middle point P(x,, y,) has equation: T =S,

(v) Normals to the Parabola

(@) Equation of normal to the parabola y? = 4ax at the point P(x,, y,) is y -y, = —;/—1 (x—xq)
a

b) Equation of normal to the parabola y? = 4ax in slope form is y = mx —2am—am?®, which is nor-
y

mal to the parabola at (am?, —2am)

(c) Equation of normal to the parabola y? = 4ax at (af?, 2at) is y = —tx + 2at + at>
(d) The normals at the points (at?, 2at,) and (at3, 2at,) intersect at the point

(2a + a(t? + tit, +13), —at tt, + 1,))
(e) Through a given point, maximum of three normals (at least one) can be drawn.

() The sum of the slopes of the normals drawn from a given point to a parabola, is zero.

(@) The sum of the ordinates of the feet of the normals drawn from a given point to a parabola is zero.

2
(h) If the normal at the point P(at?, 2at;) meets the parabola at Q(at3, 2at,), then t, =t -+
;

(vi) Point (x,, y,) lies inside, on, or outside the parabola y? = 4ax according as y? —4ax, <0, =0, > 0.

(vii) The tangents at the ends of focal chord are perpendicular and meet at directrix.

(viii) The length of semilatus rectum of a parabola is the harmonic mean of focal radii. If the length of focal
2bc
b+c

radii are b and c then the length of semilatus-rectum =

ELLIPSE

Standard equation of ellipse

An ellipse is the locus of a point which moves such that its distance from a fixed point is e (< 1) times its
distance from a fixed straight line. An ellipse has

(i) two foci

(i) two directrices — one corresponding to each focus.

(iii) a center — the point such that all chords through it are bisected at it.
(iv) two axes — major and minor axes

(v) two vertices

(vi) two latus recta
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Thus, the ellipse shown, has the equation

Ki Ay
2 2 i
X—2 + };—2 =1 !
[
a ! L
Whose My [
. . | | |
(i) Centeris C(0, 0) I I I
1 1 ] >
(i) Vertices are A(-a, 0) and A’(a, 0), B(0, b) Z1 A SI | > X
and B/(0, -b) : : :
(i) Foci are S(ae, 0) and S’ (-ae, 0) | ' !
(iv) Directrix K'M'Z' corresponds to focus S’ | L B L :
1

. a
and has equation x =—.
e

Directrix KMZ corresponds to focus S

. a
and has equation x = -—
e

2b?
() L,L,and LjL; are double ordinates through the foci and are called latus rectum. Each has length .

(viy AA” is the major axis and has length 2a. BB’ is the minor axis and has length 2b where a > b and

b? =a?(1-e?)

Note : 1. An ellipse is the locus of a point which moves such that the sum of its distances from two
fixed points remains constant. In fact, PS + PS’ = 2a for all points P(x, y) on the ellipse.

2. The constant in the above definition should be greater than the distance between the fixed
points. This definition is called the physical definition of the ellipse.

(vii) Auxillary Circle

The circle which is described on the major axis AA” of an ellipse as diameter is called auxillary circle of
the ellipse.

24

Q(a cosb, asinb)

4
ﬁ P(a cosd, bsind)
0 > X
&y '

(vii) Equation of ellipse in parametric form

A

x=acosb,y=bsin0;0<0<2n

where 6 is the parameter (as shown in the figure above) and is called as eccentric angle corresponding

b
to the point P on the ellipse. The point Q has co-ordinates (a cos 6, a sin 0). Further, Q—=g.
2 2
(ix) Position of a point with respect to the ellipse a_2+b_2 =1

CORN (25

The point R(x’, y’) lies within, upon or outside the ellipse according as a_2+ b2

-1 is negative, zero
or positive.
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Two Standard Forms of the Ellipse

Standard Equation

2 2
X~y
—+=—=1(@>b)
a? b?

(Horizontal Form of an Ellipse)

2 2
Xy

bT + aT =1 (a > b)
(Vertical Form of an Ellipse)

Shape of the Ellipse

r Y

4
*

(g-'0).9

Y
r

- ad
Iz

A (0, a)

™ 5
R (U.m‘\

» X

Centre (0, 0) (0, 0)
Equation of major axis y=0 x=0
Equation of minor axis x=0 y=0
Length of major axis 2a 2a
Length of minor axis 2b 2b
Foci (+ ae, 0) (0, + ae)
Vertices (xa 0) (0, £ a)
Equation of directrices X = iz y = iz
Eccentricity e= a’ _2b2 e= a’ _2b2
a a
Length of latus rectum % %

Ends of latra-recta

2
ib—, + ae
a

Parametfric coordinates

(a cosB, b sind)

(b cosb, a sing)

Focal radii SP=a-ex,and S’"P=a+ ex, SP=a-ey,and S’"P=a +ey,
Sum of focal radii SP + SP= | 2a 2a

Distance between foci 2ae 2ae

Distance between directrices Z?a Z?a

Tangents at the vertices X=ta y=zta
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Condition of tangency for y = mx + ¢

y=mx+c ()

X2 y2
_2+_

=1 ... (i)

[\]

By (i) and (ii), we get

2 2
X mx+c
L (mx+o) _

a’ b? !

= b%2+ a)(mx + c)2 —a%h?2 =0

= X3(b% + a?m?) + x(2mca?) + a®(c? — b?) = 0 .. (iii)

If line y = mx + c is tangent to the ellipse then the equation (iii) has equal roots,
hence discriminant = 0

= (2mca?)? — 4(b? + a®m?) (a’c?> — a’h?) = 0

= c=tJa’m? +b?

2 2
Hence if y = mx + c is tangent to X_2+% =1, then ¢ = +\/a’m® + b?
a

Equation of tangent and point of tangency

Corresponding to any point P(x,, y,) we define the following expressions for the conic
S=ax?+2hxy +by? +2gx+2fy +¢c =0

viz., T =axxq+h(xy,+ xy)+byy; +9(X+Xq)+f(y +yq)+¢C
Sy = ax? + 2hx,y4 + by? + 2gx, + 2fy, + ¢

2 2
X
() The line y = mx + c intersects the ellipse a—2+};—2 =1 at

two distinct points if ¢2 < a?m? + p?
two coincident points  if ¢2 = 32m? 4 p?
imaginary points if ¢2 > a2m? + b2

2 2
(i) Length of the chord intercepted by the ellipse a_2+b_2 =1ontheliney=mx+cis

2ab \/1+m2 \/azm2 +b?% - c?

a’m? + b?

2 2
X
(iii) Equation of tangent at the point (x,, y,) on the ellipse a_2+}l:_2 =1is

XXy YYq
T=0 , Le., a2 b2
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xcose+ysine
a b

(iv) Equation of tangent at (a cos 6, b sin 0) is =1

(v) Equation of tangent in slope form is y = mx + va?m? + b?

—a’m b2
The point of contact of y = mx + {a®m +b2 is \/a2m2+b2 \/azm2+b2
2 - b?
and point of contact of y =mx— a’m? +b is
\/azm2 b2 Ja?m? +b?

(vi) Point of intersection of two tangents

a cos M b sin @
2 2

Tangents at (a cos 6,, b sin 0,) and (a cos 0,, b sin 0,) intersect at — ) 0.—0
cos( 1 2) cos( 1 Zj

(vi) Equation of pair of tangents

2 2

Through any given external point P(x,, y,) there pass, in general, two tangents to the ellipse a_+b_2 =1,

When P is external to the ellipse, the joint equation of the pair of tangents from Pis SS, = T2

Standard results:
(i) Chord of contact

The equation of chord of contact of tangents drawn from P(x,, y,)is T=0i.e. X—)§+%—1 =0
a
(ii) Director Circle
It is the locus of point of intersection of tangents which are perpendicular to each other. lts equation is
x*+y? =a’+b?
(iii) Equation of Chord in Mid Point Form

2 2
YW _ X1 Y
Equation of the chord with middle point P(x,, y,) is T = S, i.e. a—+ b2 _a_2+b_2

(iv) Normals to the Ellipse

In general, four normals can be drawn from any point to an ellipse and the sum of the eccentric angles
of their feet is equal to an odd multiple of two right angles

. X=X y-y
(@) Equation of normal at P(x,, y,) is x—11 = y—11
a? b2

(b) Equation of normal at (a cos 6, b sin 0) is ax sec 8- by cosec 6 = a2 — b2

m (a® - b?)
Vb?m? +a®
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(v) Equation of chord joining two points

The equation of chord joining the points (a cos o, b sin a) and (a cos B, b sin B) is

HYPERBOLA

Standard equation of hyperbola

e

The hyperbola is the locus of a point which moves such that its distance from a fixed point is e (> 1) times
its distance from a fixed straight line. As in case of an ellipse, the hyperbola has

(i) two foci

(i) two directrices — one corresponding to each focus.

(iii) a center

(iv) two axes — the transverse axis and conjugate axis.

(v) two vertices

(vi) two latus recta

Thus, the hyperbola shown in the adjacent figure has the equation

2 2
x>y
Pl

b

Q

(i) Centre is C(0, 0)
(i) Vertices are A’(—a, 0) and A(a, 0)

(iii) Foci are S(ae, 0); S'(—ae, 0)

. . . a
(iv) Directrices are X = ig

(v) AA’is the transverse axis and has
length 2a; BB’ is the conjugate
axes where B and B’ are two points
on the axis of y equidistant from C
such that CB = B'C = b and where
b? =a%(e?-1).

2

(vi) Length of latus rectum is =

Be M

n e
>

Note : The difference of the focal distances of any point on the hyperbola is equal to length of

transverse axis ; thus, |PS—-PS’|=2a .
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(vii) Auxillary Circle
The circle described on the transverse axis AA’ of a hyperbola as diameter is called as auxillary circle

of the hyperbola and its equation is x2 + y? = a2.
(vii) Equation of Hyperbola in Parametric Form

x=asecH ;y=btan 0, where 0 < 6 < 2t (0 is the parameter)

2 2

(ix) Position of a Point with respect to Hyperbola a—z—b—z =

"2 N2
X
The point R(x’, y’) lies within, upon or outside the hyperbola according as az) - (";2) -1 is positive, zero

or negative.
(x) Equilateral or Rectangular Hyperbola

The hyperbola x? — y? = a2, whose asymptotes are at right angles (y = % x) is called as an equilateral
or rectangular hyperbola. If this hyperbola is rotated such that the coordinate axes coincides with the

2
asymptotes, then, its equation reduces to xy = ¢? where c? = a?.

AY
c
(@) Parametric form of xy = c?is x =ct; ¥ = |
(b) Centreis (0, 0)
> X

(c) Transverse axis has equation y = x

Conjugate axis has equation y =—x
(d) Its eccentricity is e = V2. )

Xy =cC
C .
Tangent at | €L+ | is t2y + x = 2ct
c
Normal at | ¢b 7] is xt® ~ty—ct* +c =0
Condition of tangency for y = mx + ¢
y=mx+c ()]
2 2
L .. (ii)
a~ b
. . x* (mx+c) .
If y = mx + c is tangent to hyperbola then the roots of the equation Z e 1 will be qual.

2 2
For that the condition is ¢ = +1/a2m? — b2 . Hence if the line y = mx + c is tangent to :_2_}[;_2:1 then

c=+Ja*tm* -b* -
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Equation of tangent and point of tangency

Corresponding to any point P(x,, y,), we define the following expressions for the conic

viz.,

(i)

)

(vi)

S=ax?+2hxy +by? +2gx +2fy +c =0
T =axxq+h(xy, +yxq)+byy +9(x+xq)+f(y +y)+¢
Sy = ax? + 2hx,y, + by? + 2gx, + 2fy, + ¢

2 2

The line y = mx + c intersects the hyperbola a_z_b_z =1 at

real and distinct point if ¢? >a?m? — b2
real and coincident points if ¢2 = a?m? — b?

imaginary points if ¢ <a?m? - b?

2 2
X
Equation of tangent at the point (x,, y,) lying on the hyperbola a—z—};—z =1is T=0;

ie X1 _ Wi _
€0 g2 2

xsecH ytan6

Equation of tangent at (a sec 0, b tan 0) is 2 b =1
Equation of tangent in slope form is y = mx + a?m? — b?
.y
The point of contact of y = mx + ya?m? —b2 is " Ja2m? _p?
am® -
b2
The point of contact of y = mx— Ja?m? —p? is " Ja2m? _p?
am* -

Point of Intersection of Two Tangents
The tangents at (a sec 0,, b tan 0,) and (a sec 6,, b tan 6,) intersect at

asin(6,-6,) b(cos6;-cos6,)
sin®, -sin®; "  sin 0, —sin 0,

Equation to Pair of Tangents
Through any given external point P(x,, y,) there pass in general, two tangents to the hyperbola

2 2
X
a—z—};—z =1, When P(x,, y,) is external to the hyperbola, the joint equation to the pair of tangents from
Pis SS,=T?

2
; X_z_ﬁ_1 X_12_y12_1 - (XX1_Y.V1_1]
le., 82 b2 82 b2 az b2
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Standard results
(i) Chord of Contact

2 2
Equation of chord of contact of the point (x,, y,) with respect to the hyperbola a_z_b_z =1isT=0

(i) Director Circle
It is the locus of point of intersection of tangents which are perpendicular to each other. Its equation is
X2 4+ y? = a2 _p?

(i) Equation of Chord in Mid Point Form
Equation of the chord with middle point (x,, y,) is T= S,

(v) Equation of Normal

. x?  y? . . o a’ Yi,,_
(@) Equation of normal to the hyperbola —2—b—2=1 at the point (x,, y,)is ¥~ V1= bZx (x=xq)
a

(b) Equation of normal at (a sec 0, b tan 0) is ax cos 0+ bycot 0 =a? +b?

Corporate Office : Aakash Tower, 8, Pusa Road, New Delhi-110005. Phone : 011-47623456



