Chapter 12

Differential Equations

An equation involving dependent and independent variables and derivatives of dependent variables is called
a Differential Equation. It is expressed as :
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All are examples of differential equations

Types of Differential Equations
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Ordinary differential equation : A differential equation involving only one independent variable and derivatives
w.r.t. this single independent variable is called an ordinary differential equation.

F [ -d—y=x+yL4x+—d2Xd‘xz—et
or exampile : dx ’ dt4 dtz at

Partial Differential Equation : A differential equation involving partial derivatives w.r.t. more than one
independent variables is called a partial differential equation.
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Linear and non-linear differential equations : A differential equation is called linear if (i) every dependent
variable and every derivative involved occurs in the first degree and (ii) no product of dependent and/or
derivatives occur. A differential equation which is not linear is called non-linear differential equations. The
general form of a n' order linear differential equation is
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Order and Degree of a Differential Equation

The order of the highest order derivative involved in a differential equation is called the order of the differential
equation. The degree of a differential equation is the degree of the highest order derivative which occurs in it,
after the differential equation has been made free of radicals and fractions as far as derivatives are concerned.

FORMATION OF A DIFFERENTIAL EQUATION

A differential equation can be formed from a given relation involving dependent and independent variables by
the process of differentiation and elimination of arbitrary constant.

SOLUTION OF A DIFFERENTIAL EQUATION

Any relation between dependent and independent variables which satisfies the given differential equation is
called solution or integral of the differential equation. A solution of a differential equation does not involve the
derivatives of dependent variables w.r.t. independent variables.

(1) A solution of differential equation, consisting of independent arbitrary constants (in number equal to the
order of the differential equation) is called general solution or complete primitive

(2) The solution of differential equation for particular values of one or more of the arbitrary constants is called
a particular solution of differential equation.
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(i) Variable Separable : In this type of differential equation it is possible to take all the terms involving x
and dx to one side, and involving y and dy to the other side. Thus separating the variables x and y and
then integrate. Differential equation can be written as f(x) dx = g (y) dy or f, (x) dx + £, (y) dy =0

(ii) Reducible to variable separable : Sometimes equations are not in the form of variable separable but
a suitable substitution can reduce them to variable separable.

dy _ f(x.y)
9(x y) where f(x, y) and

Homogeneous differential equation: A differential equation of the form dx
g(x, y) are homogeneous expressions in x and y of the same degree is called a homogeneous equation. It

d
can also be put in the form d_i =F(y/x)

Working Method :

15t step : Put y = that 2L =v+x2
step : Puty = vx so that ax

2" step : Substitute in the given equation and we obtain an equation of the form of variable separable in v
and x.

3rd step: After integrating replace v by %

dy

Linear differential equation : A differential equation of the form V.1
X

+Py =Q where P and Q are either

constant or function of x is called linear differential equation or Lagrange's differential equation.
Working Method:

1. Write equation in the above form

Pd
2. Find integrating factor IF = 6J )

3. Solution : yejpdX = IQeIdedx+c

Note : If differential equation is represented as Z—;+F’1x =Q, where P, and Q, are constant or

functions of y. The solution is given by :

xejﬁdy = IQ1eIP1dydy +c

(a) Differential equation reducible to Linear differential equation : If equation is of the form " (y)

Z—y+ Pf(y)=Q where P and Q are constants, or functions of x then put f (y) = v,

X

f’(y)z—y = % and equation reduces to %+Pv = Q which is a linear differential equation in v and x.
x  dx x
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dy

d—+Py =Qy" where P and Q are functions of x or
X

(b) Bernoulli’s equation: Equation of the form
constants except 0 and 1 is called Bernoulli's differential equation. Divide it by y” we get

-n d_y+Py1—” =Q, now put y1‘” =v, it reduces to linear differential equation in v and x.

ydx

2
Solution of differential equation of the type Z—)Z/ =f(x)
X

These equations are solved by integrating twice.

2
On integrating Z— =f(x), we get

y
X2

ay _

T = jf(x)dx +C,

= W(x)dx +Cq, where = ¥(x)= j F(x)dx

y = J.‘de +Cyx + C; (required solution)
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