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,Aakash RMO — 2025-26

Instructions:

Sol.

Calculators (in any form) and protractors are not allowed.

Rulers and compasses are allowed.

All questions carry equal marks. Maximum marks: 102.

No marks will be awarded for stating an answer without justification.
Answer all the questions.

All questions carry equal marks.

Answer to each question should start on a new page. Clearly indicate the question number.

(&) Letn =3 be an integer. Find a configuration of n lines in the plane which has exactly
(i) n-—1distinct points of intersection;
(i) ndistinct points of intersection;
(b) Give configurations of n lines that have exactly n + 1 distinct points of intersection for
() n=8and
(i)n=09.
(a) ()
There are two possible cases with (n — 1) distinct points of intersection with n lines in a plane as follows
Case-l :
(n — 1) concurrent non coincident line and the n" line is parallel to any one of the concurrent lines.
Example forn=5

L, L, Ly

VAR h

A4

Case-ll :
Out of n lines (n — 1) lines are parallel to each other and non coincident and the nt line is not parallel to
(n — 1) set of parallel lines.

For example n=5
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v
L LoLoL
(if)
For n distinct point of intersection made by n distinct lines in a plane (n — 1) lines must be concurrent and the nt

should not be parallel to any of the (n — 1) concurrent lines. For example, n = 4

(b)

For n lines in a plane, total number of possible point of intersection is "C2. To make number of point of
intersection less, we have to take set of parallel lines and concurrent lines.

(i)

For n = 8, if we take 3 set of parallel lines where exactly 3 lines are parallel to each other exactly 2 lines are
parallel to each other and other two lines are parallel to each other and 8t line has 3 points of concurrency as

follows :

N
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(i)
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For n = 9, there are 3 set of parallel lines, where exactly 2 lines are parallel to each other, other 2 lines are
parallel to each other, other 2 lines are parallel to each other. Remaining 3 lines are concurrent with these parallel
lines as follows :

2. Leta, b, c be distinct nonzero real numbers satisfying
2

2 2
a+—=b+—=c+—
b c a

Determine the value of |a’b + b%c + cza| )

Sol. (642)
a+2=b+—=c+_=k
b
a—b=g—g b—c=g—z a—c=g—g
c b a ¢ a b
2(b - & _
albe (b-c) b—c=2(c a) a—c:z(b a)
bc ac ab
abc —b*c =2(b-c)abc -c*a=2(c-a)a’h-abc =2(b-a)
abc -a’b =2(a-b)

3abc — (a?b +b?c +ca)=0

a2b + b2c + c2a = 3abc

o=
2(c-a)
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(c-a)= 2(a-b)

ab
(a-b)(b-c)(c-a)
_ 8(a-b)(b-c)(c-a)

a’b?c?

(abc)2 =8
abc = 242
|a’b +b*c +cal = 3x24/2 =642
Let Q@ and T be circles centred at O1, Oz respectively. Suppose that they interest in distinct points A, B. Suppose
O:is outside T and O: is outside Q. Let | be a line not passing through A and B that intersects Q at P, Rand T
at Q, S so that P, Q, R, S lie on the line in this order. Furthermore, the points Oz, B lie on one side of the | and

the points Oz, A lie on the other side of I. Given that the points A, P, Q, O1 are concyclic and B, R, S, Oz are
concyclic as well, prove that AQ = BR.

Sol.

Let /SQB=a

= /S02B = 2a

Now ZBRS = ZS0:2B = 2q[as B, R, S, Oz are concyclic]
Now, In ABRS
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Z/BRS = ZSQB + ZQBR [exterior angle theorem]

= /ZQBR =20 —-a

ZQBR=a

.. In ABRS

ZQBR = /BQR =a

= QR=BR .. (i)

Now let ZPRA =f

= /PO1A=28

Now ZPQA = Z/PO,A=2B[as P, O,, Q, A are concyclic]

Now In AQAR

ZPQA = ZPRA + ZQAR [exterior angle theorem]
= ZQAR =8

.. In AQAR

ZQAR = ZQRA =8

= AQ =0QR ... (i)

From (i) and (ii)

AQ =BR

Hence proved

4. Prove that there do not exist positive rational numbers x and y such that X +y + %+ % = 2025

Sol. (x+£]+(y +i] =2025
X y

= 2025

= cd(a’ +b)+ab(c® +d*) = 2025abcd
lemma 1:Ifged (x,y) =1

= gecd(xy, x2+y?) =1

Let gcd (xy, x2 +y?) =d

Ifd>1, let p be a prime such that p | d
=pIxy,p|x?+y?
=p|xorp|lyasged(x,y)=1
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Ifp|x
=P [x2+y?
= P y?again contradictionas gcd (x,y) =1=d=1
= cd(a? +b?) = 0 mod (ab)
= c¢d =0 mod (ab) due to lemma 1
= ab|cd, similarly cd | ab by taking cd
cd [(c*+d?)ab
= |ab] =cd|

Since X,y € R*

=

ab =cd

Leta=mp

b=nq

c=mqg, d=np

such thatab =cd & gcd (a, b) =

1,gcd(c,d)=1

for m, n, p, q relatively coprimes.

=

(& + b?) + (c? + d?) = (M? + n?) (p? + F)

= 2025 mnpq

=

(p? + g?)]|2025 mnpq

Due to lemma 1
(p? + g?)|2025 mn

Since p, g, m, n are relatively prime = gcd (p? + g%, mn) =1

=

(p? + g?)|2025 = 34.52

and (m? + n?)|2025 = 34.5?

lemma?2:

=

If 3|(x% + y?)
3|x & 3|y

Ifged (x,y)=1
Then 3 (x2 +y?)

Due to lemma 2:

p2

+ 0?25 & m? + n?|25

= p’+q° =50r25, (m*+n*)=5or25

= (p*+9°)<25,m?* +n* <25

X
Aakash

Medical | lIT-JEE| Foundatons

AAKASHIANS SHINE IN MATHEMATICS OLYMPIADS
— Aakashians Qualified for IMOTC 2025 —

EEE

Deekshant Sharma praya Verma
Qualified INMO Ouoiﬁod INMO

-7-

8399 161

Classroom Students Classroom Students
Aakashians Qualified Aakashians Qualified
In 100M 2024 In RMO 2024



,Aakash RMO — 2025-26

= (p*+09°)(m*+n’) <625
but 2025mnpq > 2025
= no such p, g, m, n exist
= no such a, b, c, d exists
= no such rational numbers x, y exist.
5. Let ABC be an acute-angled triangle with AB < AC, orthocentre H and circumcircle Q. Let M be the midpoint of
minor arc BC of Q. Suppose that MH is equal to the radius of Q. Prove that ZBAC = 60°.

Sol.
A

Since, mid point M of arc BC not containing A, chords MC = MB and OM L BC
= «ZCHB =180° - ZCAB

ZCMB =180° — ZCAB
Let H' be image of H about the line BC
= HH 1L BC
= BC 1L HH'and BC L OM
= OM|| HH’
Since BC bisect HH' = BC bisects OM
= Misimage of O about BC = ZCOM
= ZCMO
= CO=CM
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Quadrilateral MH'HO s isosceles trapezium as BC L HH and OM L BC and diagonals are equal
= HH'||OMand OH =R = MH

= BC is bisecting both OM and HH’

= CM=CO

Now, chasing angles, we get

A+ 20 =180°
= also, ZBOC =2A
Since CO =CM = 6 = 60°
= ZBAC =60°
6. Let p(x) be a nonconstant polynomial with integer coefficients, and let n = 2 be an integer such that no term of
the sequence p(0), p(p)(0)), p(p(p(0))), ... is divisible by n. Show that there exist integers a, b such that
O0<a<b<n-1and ndivides p(b) — p(a).
Sol. For the contradiction, assume that

p(b)£P(a)modn vO<a<bs<n-1
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-~ FortheS={0,1,..,n—1}
P(e,) P (e,)mod(n) Vei ez e S, e1 e

= The set {P(0), P(1), ... P(n + 1)} for the residue system mod n.

Since for polynomial

i=jmod (n)
= P(i) £ P(i) mod (n)
= The set{P(0), P(1), ... P(n — 1)} and residue set {0, 1, ..., n — 1} will be a one-one, onto function

= Bijection function

Defined g*(0) = q*~*(0), g%(0) = a(q(0))

Such that g(x) = P(x) mod (n)
Suchthatg:{0,1,...,n-1}—>{0,1,...,n-1}

= Since nJ P(0), p(p(0) ... p P () ..)

Now if none of g(0) = 0, then there will be n piegons but (n —1) holes
= @'(0) =gm(0) forsomel, me (1,2, ...,n—1}

since q(x) is one-one

q'-*(0) = g™~ *(0)

Similarly

b U

g-'=qgm-1(0), forl <m

U

g°(0) = g™~ 1(0) and that is contradiction

U

g(0) = 0 and that means
P¥0) = P(P ... k times) (0) =0
And that is contradiction

= P(a) =P(b) mod (n)

= n|P(a)-P(b)
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